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Abstract We present our development of Ya. Zeldovich’s 
ideas for the measurement of the cosmological angular 
diameter distance (ADD) in the Friedmann Universe. 
We derive the general differential equation for the ADD 
measurement which is valid for an open, spatially-flat 
and closed universe, and for any stress energy tensor. 
We solve these equations in terms of quadratures in a 
form suitable for further numerical investigations for 
the present universe filled by radiation, (baryonic and 
dark) matter and dark energy. We perform the numer¬ 
ical investigation in the absence of radiation, and show 
the strong dependence ADD has on the filling of the 
cone of light rays (CLR). The difference of the empty 
and totally filled CLR may reach 600-700 Mps. for a 
redshift of / ~ 3. 

Keywords cosmology • astrophysics • angular 
diameter distance • homogeneous in the mean universe • 
gravitational lensing 
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1 Introduction 


where di is the luminosity distance, da the angu¬ 
lar diameter distance, and / the redshift. This relation 
gives us a feasibility to concentrate our study on the 
angular diameter distance. 

As a rule, the derivation of the angular diameter dis¬ 
tance [I] is undertaken for the homogeneous Universe 
[3], i.e. all matter of the Universe is distributed homo¬ 
geneously by the assumption. This assumption is valid 
for volumes of the order of about 500 Mps as the side 
of a cube, and it does not reflect the real situation in 
the case of the distance measurement when the beam of 
light is propagating through a generally small volume. 

Let us briefly define the problem of cosmological 
angular diameter distance (ADD) measurement. The 
definition of ADD, which is valid in Euclidean space, is 
usually extended to a curved space [3] with the formula 

da = J (2) 

<P 

Here, z is the linear size of the object and (p is its angu¬ 
lar size (Figure[T]). In the Friedmann-Robertson-Walker 
geometry we can find the linear size of a distant object 
using the metric 


In the present article, we are going to reconsider the 
issue of cosmological distances measurement in cosmol¬ 
ogy. Methods commonly used by astronomers are col¬ 
lected in the well cited review [I] and it may be consid¬ 
ered a good introduction to this topic. 

The angular diameter distance and the luminosity 
distance are known for being of most practical use. 

These two distances are connected by the following 
relation [2]: 

dl = {l + ffda (1) 


)-( 3 ) 

For example, in the spatially-flat universe, where 
fc = 0, one can obtain 

z = aercp (4) 

where Oe is the scale factor at the time of emission. 
Combining the expressions above, it is easy to obtain 
(commonly used by astronomers) the equation for the 
angular diameter distance: 


ds^ = df - a{tf 


dr^ 


I — kr'^ 


-br^(d6»Usin2 edcp^) 
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da = aeT 


( 5 ) 
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To obtain the result we used the FLRW metric 
([5|) corresponding to the homogeneous universe. There¬ 
fore, if we suggested that our universe were not ho¬ 
mogeneous in the cone of light rays (CLRfl of ADD 
measurement, then we must take into account local in¬ 
homogeneities inside or close to the CLR. 


A 




Fig. 1 The angular diameter distance setup. Field and empty 
cone of light rays schemes. 

What will the ADD measurement be if we take into 
account a local inhomogeneity? As far as we know, the 
first man who dealt with this question was Ya. Zel- 
dovich. He presented the solution for ’’the homogeneous 
in the mean Universe” in [^. It is interesting to mention 
that in the monograph [J] I. Novikov and Ya. Zeldovich 
noted that during the Symposium in Burokan (1966), 
American astronomers reported that familiar ideas were 
declared by R. Feinman. Recently in the paper it was 
also confirmed that R. Feinman pondered over the same 
problem, and also suggested that one should consider a 
zero stress-energy tensor inside a light cone. 

Considering a congruence of null geodesics, we will 
use the following terminology proposed by R. Penrose 

m- 

— The Ricci focusing is the focusing due to the gravi¬ 
tational effect of intrinsic mass inside the light cone; 

— The Weil focusing is the focusing due to inhomo¬ 
geneous clumps of matter along the null geodesics 
path. 

^In the range with the term ’’the cone of light rays” we will 
also use the term ”a light cone” as the cone of null geodesics 
congruence. 


Let US review the main stream of Zeldovich’s orig¬ 
inal ideas represented in the papers EM- In the arti¬ 
cle [5] Ya. Zeldovich introduced ” a homogeneous in the 
mean universe” and he analyzed the effect of the local 
non-uniformity of the matter-dominated spatially-flat 
Friedmann Universe on the angular and luminosity dis¬ 
tances measurement. It was found for the ADD under 
suggestion that there was a negligible amount of matter 
inside the light cone and it was possible to neglect the 
gravitational effect of that matter. The method applied 
is the integration of numerous leasing deflections due 
to the intrinsic mass of a light cone. 

The solutions of ADD measurement for a nonhomo- 
geneous nonflat universe were found in the paper by 
V. Dashevskii and Ya. Zeldovich [S] . In this paper they 
also presented the method for describing Ricci focusing 
through momentums of a photon. Later on we will ex¬ 
plain this approach in detail where we make use of this 
method in our study. In the work by V. Dashevskii and 
V. Slysh [S] the analytical solution for a closed matter- 
dominated Universe for a partly filled light cone was 
found. They also derived the differential equation on 
the linear distance between the two rays emitted by 
the outer points of the object. Let us mention here that 
this equation does not contain the dark energy compo¬ 
nent and it may not be applied for ADD measurement 
now from the current observational data. 

Let us note that Zeldovich’s original ideas were used 
afterwards in a series of papers by C. Dyer and R. 
Roeder m, m, m- Their papers are well cited and 
we comment on them briefly. 

In the first paper [10] they used Sachs’ equations [13] 
and obtained the result which was found in [^. In the 
second paper m they obtained a differential equation 
similar to the equation from [^ which was valid only for 
the Universe without dark energy, because the energy 
momentum tensor was set up as = diag{p,0,0,0). 
The solution of this equation proves the result from [^ . 
In the third paper m the result was found for the Swiss 
Cheese Universe. 

In 1976, S. Weinberg [14] showed that the sum¬ 
mation of gravitational deflection caused by individual 
clumps of matter is equal to the effect caused by the 
homogeneous distribution of the same mass. This pa¬ 
per narrowed the interest of the community to effects 
of inhomogeneity to the distance measurement and it 
provides a strong criticism of the Swiss Cheese Uni¬ 
verse model. Nonetheless, S. Weinberg’s results are in 
agreement with Ya. Zeldovich’s ideas. Indeed, the mat¬ 
ter enclosed inside a light cone for the homogeneous in 
the mean Universe may be considered as a homogeneous 
distribution (of a small density). What is the problem 
with the direct application of the original solutions of 
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Ya. Zeldovich for calculating cosmological distances? 
The problem is due to the fact that these solutions were 
obtained in the absence of dark energy and dark mat¬ 
ter, i.e. for the Universe which contains only baryonic 
matter. This is controversial in our current understand¬ 
ing of the Universe. Therefore in the present paper we 
are going to extend Ya. Zeldovich’s original ideas for 
solving this problem in a general form. 

Let us mention the series of papers by C. Alcock and 
N. Anderson where they discuss the problem of distance 
measurement. In the first paper m they emphasized 
the importance of correct cosmological distance mea¬ 
surement for calculating the Hubble constant through 
gravitational lensing. In the second paper [16] they pre¬ 
sented an original method for the distance measure¬ 
ment; the so called ’’effective distance”. The problem 
with their approach is that all our cosmological and 
astronomical theories were developed for angular diam¬ 
eter (luminosity) distance. This is why we are not ready 
to apply ’’effective distance” methods and we are going 
to keep commonly accepted definitions of fundamental 
concepts. 

The ideas of C. Dyer and R. Roeder were developed 
by R. Kantowski [HI, who constructed an analysis of 
differential equations and their solutions for the Swiss 
Cheese Universe. In the paper [T5] the solutions for var¬ 
ious inhomogeneous cosmological models were found. 
We would like to mention the impact of P. Schneider 
and A. Weiss m, S. Seitz et al. m in the development 
of C. Dyer and R. Roeder’s ideas. 

Why should we reconsider previous results in the 
distance measurements? From our point of view, the 
main problem in these results is that they were obtained 
for an inhomogeneous Universe. Our understanding is 
that this assumption is too strong, because it is already 
proven that global Universe mass distribution is homo¬ 
geneous. Thus we assume that the Universe evolves like 
a homogeneous universe, but if we measure the distance 
to an object in the space, the effect of Ricci focusing be¬ 
comes weaker. The reason is in fact that the density in¬ 
side the light cone is smaller than the critical density of 
the Universe. Summing up the discussion above we can 
state that the Ya. Zeldovich model of the Universe (the 
homogeneous in the mean Universe) is very suitable for 
describing observations in the present Universe. 

Let us explain our last thesis in detail by firstly dis¬ 
cussing the method of C. Dyer and R. Roeder. They 
start from Sachs’ equations m, which are a version 
of the Raychaudhuri equation for null geodesics [21]. 
It should be noted that the Raychaudhuri equation is 
more general than the Friedmann equation |22] and 
it already includes the effects of gravitational lensing. 
Starting from these mentioned works by C. Dyer and 


R. Roeder, physicists are using (proposed by R. Penrose 
H) the Weil and Ricci focusing for calculating ADD. 

For the Friedmann Universe, the Weil tensor is equal 
to zero {Wikim = 0) [22]. In the case of small clumps 
of the Swiss Cheese Universe, C. Dyer and R. Roeder 
showed [23] that effects of the Weil focusing on every 
clump can be approximated by the Ricci focusing. This 
proposition proves S. Weinberg’s results [TJ]. If we fol¬ 
low Ya. Zeldovich’s ideas for the ADD measurement, 
then our universe remains a Friedmann Universe and 
there are no concentrated clumps of matter on the line 
of sight. Thus the effect of the Weil focusing can be ne¬ 
glected. To take into account the concentrated clumps 
of matter, we suggest that one should use the well de¬ 
veloped gravitational lensing theory. How will we hold 
the value of the Ricci focusing in cases of the ADD 
measurement? We will follow the Ya. Zeldovich and V. 
Dashevskii ideas which were published in [S], i.e. we use 
the fraction of perpendicular and longitudinal compo¬ 
nents of the photon. 

It should be noted that the interest of the scien¬ 
tific community with regards to the problem of dis¬ 
tance measurement in an inhomogeneous Universe does 
not end. For example, in the paper by K. Bolejko and 
P. Ferreira [21], the authors once again emphasise the 
importance of the effects of inhomogeneities in cosmol¬ 
ogy. We should also mention that our idea of developing 
Ya. Zeldovich’s original ideas for cosmological distance 
measurement is not new. In the paper by R. Kayser et 
al. |25) the differential equation presented in the paper 
[9] was used with the aim of finding the cosmological 
distance in the Universe filled with dark energy. Un¬ 
fortunately, as it was mentioned before, the differen¬ 
tial equation obtained by V. Dashevskii and V. Slysh 
for the matter-dominated Universe did not account for 
dark energy and could not be applied to the ACDM 
model. It is easy to check by using standard cosmologi¬ 
cal parameters and assuming a filled light cone, that the 
equations obtained by R. Kayser et al. m give wrong 
results in this case. 

The investigation of inhomogeneities and its connec¬ 
tion to a luminosity distance (LD) has been performed 
within the framework of Lemaitre-Tolman-Bondy (LTB) 
solutions in the work by A. Romano et al [2S]. It was 
shown there that an inhomogeneous isotropic universe 
described by an LTB solution admits a positive, aver¬ 
aged acceleration. Thus, this model may be considered 
as an alternative to standard FLRW cosmology with 
dark energy (DE). Also, the effect of inhomogeneities 
in the presence of a cosmological constant has been 
considered for LTB solutions which were only locally 
inhomogeneous. Finally, in respect of LD, it was found 
that the luminosity distance as a function of redshift 
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Dl{z) is not significantly affected by small inhomo- 
geneities, but the apparent cosmological observables, 
derived from Dl{z) under the assumption of homogene¬ 
ity, are significantly affected because they are sensitive 
to its derivatives. Further investigation of the effects 
of primordial curvature perturbations on the apparent 
value of a cosmological constant, using the LTB solu¬ 
tion, was performed in the work by A. Romano et al 
1221 - 

Series of works ([IH]; [52]; [2D]; EH; [22; [S3]) are 
devoted to investigation of the luminosity-redshift rela¬ 
tion up to second order in perturbation theory using a 
very promising geodesic light-cone (GLC) gauge, first 
proposed in the work by M. Gaspirini et al [28] • The 
LCG approach is based on null geodesics as well and is 
present in our work. The key differences in the meth¬ 
ods are a consideration of a perturbed FLRW metric 
in LGG and an analysis of homogeneous in the mean 
universe used in our approach. The luminosity distance 
is known to be computed to first order in the longitudi¬ 
nal gauge in the works by M. Sasaki m and M. Kasai 
& M. Sasaki [25] • For example, in the recent work by 
G. Marozzi [21] the expressions for the redshift and lu¬ 
minosity distance-redshift relation in a generic homo¬ 
geneous FLRW universe with anisotropic stress have 
been computed with perturbation up to second order. 

The authors of the work by O. Umeh et al. m 
noted that precision cosmology from the next genera¬ 
tion of telescopes should be complemented with theo¬ 
retical models of the same level of precision. To this 
end, the distance-redshift relation in [22] was extended 
from first order to second order in cosmological pertur¬ 
bation theory for a general dark energy model. In [38] 
the derivation of the distance-redshift relation was pre¬ 
sented in detail and the observed redshift and the lens- 
ing magnification to second order in perturbation the¬ 
ory was found. Let us note that in mm the ADD and 
luminosity distance of a source are considered the same, 
i.e. they are connected with the Etherington identity [5]. 

We should stress here, that in the present work we 
are considering the angle diameter distance in cosmol¬ 
ogy. It is well known that for ADD measurements a 
very small angle (of a few arc seconds) is under consid¬ 
eration. For this reason, we cannot tell about a homo¬ 
geneous and isotropic universe in this thin cone of light 
rays and thus the use of the FLRW metric is question¬ 
able in this case. When the luminosity distance mea¬ 
surement is under consideration, we use the total celes¬ 
tial sphere, which includes the properties of homogene¬ 
ity and isotropy so that the application of the FLRW 
metric is justified. From this position, we can tell that 
the Etherington identity may have small deviations for 
large redshifts [2D]- 


The paper is organized as follows: in section 2 we 
present the general approach for the ADD measurement 
in the Friedmann Universe and we derive the equation 
for evolution of the cross-section diameter z of a light 
beam from a distance object. We show that the derived 
equation is valid for any type of Friedmann Universe, 
for any forms of energy momentum tensor and the equa¬ 
tion includes the separate term which is responsible for 
Ricci focusing. In section 3, we apply the general for¬ 
mula obtained in section 2 for z for ADD calculation 
in the Friedmann Universe of any type, filled by dark 
energy and radiation. We demonstrate also that the for¬ 
mula for ADD calculation is valid for a wide range of 
modified gravity theories. We present the numerical so¬ 
lution for a partly filled light cone in section 4. 

2 ADD in the Friedmann Universe: general 
approach 

Let us start from the definition of the angular diameter 
distance @ which is generally exploited in astronomy. 
As mentioned before, it is the fraction of linear and 
angular sizes of the object. In astronomy we generally 
deal with spherical bodies and therefore we can simpify 
our task by considering the diameter of the object (z 
in ([2])) instead of its area. As we are discussing a con¬ 
gruence from a distance object of radial null geodesics 
which are crossed at a point of observation (center of 
our spherical coordinate system), the angle </> between 
the boundary points of a diameter z remains constant 
by its definition Q. 

Let us choose a spherical coordinate system [t, r, 8, (j)\ 
with an observer placed in the center of it. To calculate 
the changing of the linear size z during the travel of 
the light beams, we have to account for the following 
effects: 

1. Expansion of the universe. 

2. The Ricci focusing. 

Let us remind ourselves that in the Eriedmann Uni¬ 
verse all matter is involved with the Hubble current and 
in the comoving coordinates (with the Earth observer 
in the center), the spatial coordinates of all particles are 
not changing ii = 0 [20] . Therefore we have to consider 
not the object itself, but the photons which are moving 
along null radial geodesics. In this context z will be the 
distance between two light rays from the end points of 
the object at the time of emission. Evidently z will be 
variable. 

Our next task is to derive the differential equation 
involving z which allows us to take into account the 
effects arising when measuring distances in a Eriedmann 
Universe. 
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For the Friedmann-Lemaitre-Robertson-Walker (FLRWjt’s easy to see that a congruence’s cross-sectional area 


metric, we will use two forms 

= dt^ — a^[dr‘^ + f‘^{r){d0‘^ + sin^ OdcjP')] ( 6 ) 

dr^ 


= dV — a(ty 


1 — 


+ r"(dr+sin"0#") (7) 


where /(r) = sinr,r,sinhr or k=l, 0 ,-l for a closed, 
spatially-flat, open universe respectively. For the sake 
of simplicity we choose 0 = Let us analyze, with 
radial null geodesics dcj) = 0 , then the metric © is 
reduced to 




( 8 ) 


We now define new coordinates 

u = r] — r, v = rj + r (9) 

where 77 = / ^ is a conformal time. Then we have u = 
const for ongoing geodesics (in relation to the observer), 
and V = const for ingoing ones. Since we are interested 
in ingoing geodesics, we choose v = const or in terms 
of cosmic time t 


, dt 

dr = - 

a 

The CO- vector field 
= -daV 


( 10 ) 


( 11 ) 


should be a null one and has to satisfy the geodesics 
equation. From the metric © it is easy to find 

fc“ = (--,-1,0,0), = (-i,l,o,o) (12) 

a \ a / 

It is easy to check that k°‘ka = 0. 

Now we will find the affine parameter for kf^ from 
the geodesic equation 


= ^ + = 0 


By substituting (IT^ to m we obtain 

li + - = “ 

From the equation (imi we can find the relation for the 
affine parameter 

dX = —adt (15) 

Using the obtained relation m we can calculate 
the expansion 0 EH: 

fir)' 


0 = kZ = — 


fir) 


(16) 


We can also use the geometrical interpretation of 
the expansion & 

1 dS 


0 = 


SdX 


(17) 


S in the chosen metric © is 
5 = 


nz 


(18) 


where z is the diameter of the cross-section. 

Our task now is to represent 0 through z - the dis¬ 
tance between two neighbour rays (one from the be¬ 
ginning of the object and another from the end of the 
object). Further, we will interpret z as the diameter of 
the cross-section if we assume rotational symmetry in 
the FLRW metric. For the sake of simplicity, let the first 
light ray propagate along the axis = 0. As we noted 
at the beginning of this section, we firstly want to find 
a differential equation for z in the Friedmann Universe. 
From the definition of the ADD in the curved space- 
time (for FLRW metric (O da = o,f{r)) we have the 
distance between the two rays 

z = a(j)f{r) (19) 

Substituting (fTlH) and (fTHI) into (EZl) one can find 
0 = —and using (ITT)1) we obtain 


a V fir) 


( 20 ) 


For the derivative along the path, using m , we find 
«/'(0 , fir)', ^ 21 ) 


^ a[°‘ a f{r) ' f{r)a 


We can express from (I20p and insert it into 

(EH). Then taking into account that = k, we ob¬ 


tain the equation for an arbitrary curvature 

2 k 


a . I a a 
z -z — 


z = 0 


( 22 ) 


The initial conditions are presented in the following 


(13) way 


z(to) = 0, z\to = (f (23) 

The initial conditions are derived from the fact that 
the distance at the point of observation between two 
rays from the object is equal to zero, and the change in 
the velocity of this distance equals the angle of obser¬ 
vation by definition, and the fact that c = 1. 

Our next task is to derive the expression for Ricci 
focusing in the Friedmann Universe. To this end let us 
approach the work in [H , and restore the result for the 
sake of completeness without essential changes. 

Let us define the angle t/j between the rays by the 
formula 

dz 

tany =-—=-(l)f{r)d +4>fir) (24) 

where m and m were used. The first ray propagates 
along the axis of the coordinates. Let us write the angle 
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tp as the ratio of the perpendicular component of the 
momentum of the second photon q to its longitudinal 
component h 

^ = -| (25) 

Since \q\ < h the total momentum P is proportional 
to the frequency of the quantum, and it is equal to h. 
From the redshift formula, the total momentum P is 
given by 

P = h = Tiuj = (26) 

a{t) 

where K = fiuj{to)a{tQ) is a constant. Form (1261) we 
obtain the expression for the transverse component q 
in the case of propagation in the homogeneous universe 

q = -iph = ^ (d/(r) - /'(r)) 


while for the derivative of this component along the 
path, using m, we find for arbitrary curvature k = 
{- 1 , 0 , 1 } 


dq , r d 

-2 

at a a‘‘ 



(27) 


Thus we can rewrite (1^ using (l?7l) 


z —-z — Y = 0 (28) 

a h 

Let us reaffirm ourselves that we derived the general 
differential equation for the Friedmann Universe where 
the part responsible for Ricci focusing is represented 
by the separate term. We want to focus attention on 
the difference between the resulting differential equa¬ 
tion and that obtained by V. Dashevsky and V. Slysh 
. The result obtained by them is valid for the special 
case - a Friedmann Universe with = 1- Our 

equation (12811 is valid for any type of Friedmann Uni¬ 
verse: open, spatially-flat or closed model, and for any 
expression and form of the energy momentum tensor. 
Thus our equation is valid even for modified theories of 
gravitation if a Friedmann Universe is involved. 


3 Method of ADD calculation 


Let us investigate ’’homogeneous” and ’’homogeneous 
in the mean universe”. We will study a Friedmann Uni¬ 
verse filled by a perfect fluid (matter, radiation) with 
vacuum energy. We will consider the method of the 
ADD calculation for such a universe. 

Let us start with the homogeneous universe. The dy¬ 
namics of the universe can be described by the Einstein- 
Friedmann equations 

k 8 ttG 

77 + 77 = -^P ( 29 ) 


47rG 


(3p -f p) 


(30) 


Using these equations in (1271) we can obtain the impor¬ 
tant relation 


P) 


— = —i'KGz{p - 


Thus the equation (1281) transforms to 


z - z + 47rGz(p + p) = 0 


(31) 


(32) 


We can find the solutions for (l32l) independent of 
the form of the scale factor a(t) and compatible with 
the initial conditions (1251) 


</>asin/;“ f 
[<)>asinh/;«f 


: fc = 1 
: fc = 0 
k = -l 


(33) 


One can easily check these solutions by direct substi¬ 
tution of the solutions (1551) into (1521) . Thus (1551) is the 
solution for the homogeneous universe, and the angular 
diameter distance can be calculated with the formulae: 


a sin f 


^0 dt 


k=l 
k = 0 


sinh ill : fc = -1 

Jt a 


(34) 


To obtain the dependence da on redsift _/H, an ex¬ 
pression of the form da = i’if) for the most general 
cosmological model (for a mixture of vacuum energy 
and relativistic and non-relativistic matter) should in¬ 
volve the equation of state [5] 

dp 


p + p 


= 3(ilna 


(35) 


This equation can be solved for matter {p = 0), ra¬ 
diation {p = p/3), and vacuum energy {pA = —pA = 
const). The expression for a mixture of them is 


P = 


3gg r 

87rG 


nA + nM{^y + 


(36) 


where the present energy densities in the vacuum, non- 
relativistic matter, and relativistic matter are, respec¬ 
tively 

3H^Ga .. 

Using dnzi), Friedmann equation (ESI) can be represented 

in the form 

, dx 

dt = 


Hox-/I7s 


where x = — 

ao 

-redshift and 


1 

1 +/ 


(t — to =r* X — 1), f2].^ — - 


(38) 

,/ 


Tjp 

o^-'o 




.-4 


^It shoud not be confused with f(r) used in the section 2. 
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Thus following (IM)) we can present the resulting for¬ 
mulae for ADD in the form: 


d 


a 


■■ Sin 


1+/ HoVTT^ 

1 D dx 

1+f 


f\ y/Th- 


dx 


1+f 




1 +/ 

1 


1 +/ 

1 


1 + / Hq yj f2k 


Hox'^y/ f2s 

sinh f 1 


^/TJk- 


dx 


^VT7s 


: fc = 1 
:k = 0 (39) 
:k = -l 


Let us mention that the result (I39|) is in agreement with 
widely used formulae represented in [1]. 

We should mention that (IMl) is valid for any modi¬ 
fied gravitational theory where the ’’Einstein-Friedmann” 
equations can be written in the form 



(40) 


l = m (41) 

Here ^(t) and ipi't) are arbitrary functions. 

Let us turn our attention to the investigation of ” ho¬ 
mogeneous in the mean universe”. 

The description of such a universe contains two propo¬ 
sitions: (1) we have a homogeneous distribution of mat¬ 
ter along the whole universe; (2) the interaction be¬ 
tween matter and light rays is negligible under standard 
observations. 

The proposition (2) means that for this type of uni¬ 
verse, we have <7 = 0 and equation (E51) takes the form 

z--z = 0 (42) 

a 

The solution of can be presented in a form com¬ 
patible with the initial conditions (1^51) 



Thus, the expression for the angular diameter distance 
for any curvature in the ’’homogeneous in the mean 
universe” is 


1 /■*“ 

da = — / adt (44) 

oo Jt 

Note that the result is valid for any modihed gravity 
theory when the Friedmann Universe is under consid¬ 
eration. 

If we consider the ACDM model, the ADD formula 
(Hill , with the help of (HR)) , transforms to 


d 


a 



dx 

Ho+12 a + Dmx~^ -\- Drx~'^ 


(45) 


The obtained expression for ADD coincides with the 
solution found by V. Dashevskii and Ya. Zeldovich 
[5], when Qa = Hr = 0. 


4 Numerical solutions 


We now present numerical solutions to equation 
for the partly hlled cone for the present day Univese: 
fc = 0 , Qr = 0 , 12m + 12yi = 1. 

As a first step, we may rewrite the Einstein-Friedmann 
equations dsni) and (US) for the spatially-flat universe 
d 47rG, „ , 

- =-+ (46) 


SirGp 


(47) 


+ 3 

Let us write the solution for the equation of state (H5l) 
of a mixture of matter and vacuum energy 

. 31 


P = 


3Hi 


Qa 


12m (^) 


SttG 

Now we make the substitution of 

3^ 


12yl 


12 m (^) 


— = H^ 

The solution (it is also presented in 
is 


a = ao 




(48) 

into (HR)) 

(49) 

] as the exercise) 

(50) 


We introduce a as the coeficient of the light cone 
’’fillness”, i.e. a = 1 for the filled cone (with the crit¬ 
ical density) and a = 0 for the empty cone (with null 
density inside). Thus we can rewrite our equation (1221) 
in the form 

z —-z — ay = 0 (51) 

a n 

Using (1501) we can transform (1511) to 
3 3 / 3 \ 

z — fccoth(-fct)i:-|--afc^ ( sinh-fcl j z = 0 (52) 

with initial conditions z(to) = 0 and z\^^ = (f). We know 
that da = thus we can rewrite ()50)l 

-2 

da = 0 (53) 


da — k coth{^kt)da + (sinh ^fct 


with initial conditions da{tf) = 0 and da = 1. In 

to 

terms of the redshift / we may calculate tg - the time 
of emission and to " the time of observation with the 
relation 


t = 


1 


dx 


ho Jo X'JTTa+Umx^ 
for tg. For to we should select / = 0. The results are 
shown in Figured) It is clear from the plots in Figured) 
that the difference in the ADD measurement may lead 
to 600-700 Mps at / ~ 3. 

The GNU Octave cod^ for solving (1551) may be 
found on the web-page http://Igca.ulspu.ru/nikolaev. 


^https: / / www.gnu.org/software / octave / 
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f (redshift) 


Fig. 2 The angular diameter distance with respect to redshift for Empty, Half-filled and Filled cones 


5 Conclusions 

We extended Ya. Zeldovich’s ideas for ADD measure¬ 
ments in two directions. Firstly, the generalization of 
the ADD formula from a closed to spatially-flat and 
open Friedmann Universes. Secondly, we proposed not 
only empty and filled cone of light rays (CLR), but also 
the partly hlled CLR. 

These main results are represented by the differ¬ 
ential equation (1^51) which allows us to separate the 
effects of expansion of the homogeneous universe and 
Ricci focusing for congruence of radial null geodesics. 
It was shown, that this equation consists of a classical 
solution for the homogeneous Friedmann Universe and, 
as a special case, it reduces to the equations obtained 
by Zeldovich et al.The solution of (l28l) was presented 
in quadratures in a form suitable for further numerical 
analysis. 

The numerical solution for the partly filled CLR was 
obtained. From this solution (Figure 2) it became evi¬ 
dent that the standard ADD measurement (in the Uni¬ 
verse filled by (dark and baryonic) matter and dark 
energy) may be applied for an object with redshift / 
of not more than 0.5. For objects with / > 0.5, the in¬ 
fluence of CLR filling became crucial. For example, for 
a redshift of / ~ 3, the ADD may have a difference of 
about 600-700 Mps. for empty and totally filled CLR. 

These results can help astronomers to improve their 
calculations where ADD is involved. We plan to present 


an extension of this method to gravitational leasing, 
supernova data analysis in the next publication. 
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6 Comment 

The present remarks to this article result from useful 
discussion with P. Helbig, one of the authors of the 
paper [5^. We would like to clarify this in what follows. 

While it is true that Eq. (24) in Kayser et al. 11997l[25] 
is essentially the same as Eq. (2) in Dashevskii & Slysh 
(1966) [3], which was derived assuming that the cosmo¬ 
logical constant is zero, and that the more general equa¬ 
tion is our Eq. (32), which takes all equations of state 
into account, it is nevertheless the case, contrary to 

^Astronomisches Rechen-Institut 

®Zentrum fuer Astronomic der Universitt Heidelberg 
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our original claim, that the equations in Kayser et al. 
(1997) [3^ are correct. The reason for this is that in 
the special case of the cosmological constant u> = — 1 
and hence p = —p, so the additional terms for pres¬ 
sure and energy density cancel each other. (This is not 
the case for other equations of state, but Kayser et al. 
(1997) [IS] do not claim to handle these; they consider 
only non-relativistic matter, the cosmological constant, 
and curvature. For all of these, and for the homogene¬ 
ity parameter, all physically meaningful values are al¬ 
lowed.) 

The another derivation of general equation for ADD 
measurement and the detail proof of the fact that dark 
energy in standard form do not affect focusing are pre¬ 
sented in paper |^ . 
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